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ABSTRACT. We consider a geometric approach to field theory in
which torsion is present in the matter field equations, and we develop
the consequences of the torsion-spin coupling for a pair of single-handed
spinors; we show these interactions to have the structure of a flavour-
changing neutral current giving rise to a mixing for two massless fer-
mion fields: as torsional interactions for semispinors entail mixing for
massless fermions we speculate that this mechanism could be respons-
ible for oscillations of neutrinos.

1 Introduction

Neutrinos have first been introduced by Pauli, who defined them to be
fermions with no mass nor charge, so that they can carry energy while
being undetectable, explaining the problem of missing energy in the β-
decay; further evidence eventually established that neutrinos come in
three types. The fact that neutrinos of these three flavours could change
into each other was then theorized by Pontecorvo, who built a model for
which neutrinos could mix into one another, so that one of them could
be converted into any one of the two others, explaining the fact that we
observe only one third of all neutrinos produced in the process of the
β-decay having place in the sun ([1], [2] and [3]); on the other hand, for
such neutrino oscillation to happen, these particles were assumed to be
massive and with masses of different values. After the model of neutrino
oscillations for massive non-degenerate states has been proposed, several
generalizations have been pursued: at first by postulating that the flat
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spacetime is curved by gravitation (see [4], [5] and [6]), and then by as-
suming that the curved spacetime is twisted by torsion (see [7] and [8]);
an interesting model was propounded, in which neutrino oscillations for
massless although always double-handed states were discussed, again in
twisted-curved spacetime (see [9]). In these generalizations, if not the
mass at least the double-handedness must be present, and this has two
issues: one is the obvious fact that particles with masses of different
values, if produced with the same energy, have different speeds, and so
even if the packets were produced at the same location, they would soon
be separated making superposition fail ([7], [8]); the other issue is that
even in the case of massless spinors, there is anyway double-handedness
requiring one projection to interact while the other projection is sterile
([9]). These issues are problematic because they are related to the ob-
servational fact that never have these masses been observed, neither is
justified to assume these fields to be massless but to postulate that they
still have two physical components nor is satisfactory to have that of
these two physical components one cannot be detected. To adhere to
the observational facts, the only justified and satisfactory solution ap-
pears to be constituted by single-handed states. As a matter of fact, in
the literature there have also been models in which single-handed neut-
rinos had specific interactions with off-diagonal terms able to induce os-
cillations, and therefore massless neutrinos could have interactions with
other fermions while propagating throughout matter (see [10] and [11]).
However in this case too there are two different types of problems: one
was that such oscillations were due to interactions whose off-diagonal
terms are not part of the standard model of forces, the other is that
even if such interactions were actually present the oscillations they in-
duce would be impossible in the material vacuum. Of course one may
now wonder what would happen if these models were to be allowed to
have torsion, but as our knowledge is concerned no such investigation
has ever been performed. To conciliate both approaches, those having
no additional interactions but double-handedness ([9]) and those hav-
ing single-handedness but with additional interactions ([11]), we should
have no additional interactions and single-handedness, and torsion for
semispinor may therefore be the solution.

In the following, we shall consider the specific example represented
by the spinor in massless state, which will be taken to be spinors with
single-handed structure: we will see that because of the presence of
torsion in the covariant derivatives, a torsion-spin interaction arises for
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the dynamics of the semispinors, and we are going to see how these
torsional interactions among semispinors produce a mixing for massless
fermion fields.

2 Fermion Mixing from Spinorial Torsion

As we have stated above, our starting point will be to consider the field
equation for semispinors

iγµDµν1 = 0 (1)
iγµDµν2 = 0 (2)

in terms of the most general covariant derivatives Dµ that can be de-
composed into the simplest covariant derivatives ∇µ as in the torsionless
case plus torsional contributions as

iγµ∇µν1 + 3
16 ν̄2γµν2γ

µν1 = 0 (3)
iγµ∇µν2 + 3

16 ν̄1γµν1γ
µν2 = 0 (4)

with spinorial interactions of each semispinor with the other; these have
now to be written in an alternative form by employing Fierz rearrange-
ments so to get the equations

iγµ∇µν1 − 1
16 (ν̄1γµν1 − ν̄2γµν2) γµν1 − 1

8 (ν̄2γ
µν1) γµν2 = 0 (5)

iγµ∇µν2 − 1
8 (ν̄1γ

µν2) γµν1 + 1
16 (ν̄1γµν1 − ν̄2γµν2) γµν2 = 0 (6)

in which the interactions of each semispinor with the other has been
written in a form that is particularly interesting; in fact, such a coupled
system of field equations can be written as

iγµ

[
∇µ

(
ν1

ν2

)
+ i

16

(
(ν̄1γµν1 − ν̄2γµν2) 2(ν̄1γµν2)∗

2(ν̄1γµν2) −(ν̄1γµν1 − ν̄2γµν2)

)(
ν1

ν2

)]
=0 (7)

in which we achieve a simplification as

iγµ
[
∇µν + ig ~Aµ · ~σ

2 ν
]

= 0 (8)

when the vectors ~Aµ are introduced; a last step to accomplish is the final
compactification given by

iγµDµν = 0 (9)
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once the vectors ~Aµ and the free covariant derivative ∇µ are together
written as the interacting covariant derivative Dµ when this is defined.
What permitted us to write the field equations (8) was the definition of
the doublet of spinors (

ν1

ν2

)
= ν (10)

with which to define the triplet of vectors

1
8 ν̄γµ~σν = g ~Aµ (11)

in terms of the constant g that has been included for generality; the
passage from the field equation with the form given in (8) to the field
equations with form given in (9) was possible after defining

Dµν = ∇µν + ig ~Aµ · ~σ
2 ν (12)

where the triplet of vectors ~Aµ and the triplet of rank-2 matrices that
generate the infinitesimal transformation of the SU(2) group are com-
bined into the gauge connection of the SU(2) group, and eventually these
are added to the free covariant derivative ∇µ to give the gauge covariant
derivative Dµ associated to the SU(2) group. We remark that the co-
variance under SU(2) transformations is local because the semispinors
are functions of the spacetime position and so their SU(2) transform-
ations may take place with coefficients that depend on the spacetime
position themselves, and so for SU(2) transformations with local para-
meters we have that the transformation of the doublet of spinors induces
the transformation on the triplet of vectors given by

ν′ = eig~θ· ~σ
2 ν (13)[

~Aµ · ~σ
2

]′
= eig~θ· ~σ

2

[(
~Aµ − ∂µ

~θ
)
· ~σ

2

]
e−ig~θ· ~σ

2 (14)

once (11) are considered; gauge covariant derivatives transform as

(Dµν)′ = eig~θ· ~σ
2 Dµν (15)

once the definition (12) is given. These field equations are invariant for
SU(2) local transformations because of (15) as it is obvious.
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Now, the evolution of the couple of fields is governed by the evolution
equations defined above as

ν′ = eig~θ· ~σ
2 ν (16)[

~Aµ · ~σ
2

]′
= eig~θ· ~σ

2

[(
~Aµ − ∂µ

~θ
)
· ~σ

2

]
e−ig~θ· ~σ

2 (17)

which may be expanded in terms of infinitesimal parameters, giving

ν′ = ν + i
2gδ~θ · ~σν (18)

~A′
µ = ~Aµ − ∂µδ~θ + g ~Aµ × δ~θ (19)

which we are now going to study separately by focusing on the spinorial
evolution and treating the gauge fields as external interactions that may
be considered to be constant in this approximation, so that

ν′ = ν + i
2gδ~θ · ~σν (20)

∂µδ~θ = g ~Aµ × δ~θ (21)

telling us that Pauli matrices with non-diagonal structure appear as soon
as the infinitesimal parameters are different from zero and that such in-
finitesimal parameters must be different from zero at some time of their
evolution. To see this, we consider the circumstance in which in the ini-
tial configuration there is only one spinor field ν1 so that correspondingly
there is only one gauge vector given by A3

µ and therefore

ν′
1 = ν1 + i

2gδθ3ν1 (22)

ν′
2 = i

2g(δθ1 + iδθ2)ν1 (23)

with

∂µδθ1 = −gδθ2A3
µ (24)

∂µδθ2 = gδθ1A3
µ (25)

∂µδθ3 = 0 (26)

proving that ν2 appears if one of the infinitesimal parameters δθ1 or δθ2

does not vanish and that the two parameters δθ1 and δθ2 do not vanish
at later times since their evolution is given in terms of circular functions

ν′
1 = ν1 + i

2gδθ3ν1 (27)

ν′
2 = i

2g(δθ1 + iδθ2)ν1 (28)
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with

δθ1 = a cos
(
gA3

µxµ
)
− b sin

(
gA3

µxµ
)

(29)

δθ2 = b cos
(
gA3

µxµ
)

+ a sin
(
gA3

µxµ
)

(30)
δθ3 = k (31)

as it can be checked by directly performing all calculations. In this way
by choosing the integration constants to be k = 0 with a = 0 and b = −2
we finally have the following

ν′
1 = ν1 (32)

ν′
2 = gei(gA3

µxµ)ν1 (33)

showing that the initial single semispinor is later accompanied by a
second semispinor. Therefore, the presence of torsion for semispinors im-
plies that it is possible to have a mixing of massless fermion fields accord-
ing to SU(2) gauge transformation; under certain approximations even
if we start from a single semispinor we will obtain another semispinor
appearing later. Clearly if we want a precise treatment of this problem
then we have to renounce to such approximations dealing with the full
non-linear field equations, although for such a study numerical simula-
tions will be necessary and therefore it is beyond the scope of the present
discussion.

3 Conclusion

In this paper, we have seen that the presence of torsion for semispinors
implies the mixing for massless fermion fields having the SU(2) structure;
we have shown that under certain approximations even if we start with
a configuration having only one semispinor there is a second semispinor
appearing later. If we want to have not only a qualitative behaviour but
also quantitative results then the full non-linear system of equations has
to be solved numerically.

The interpretation we could give to describe this situation is that
the torsionally propagating semispinors feel the torsion-spin interactions
through which they combine into vectors that are carriers of the ex-
changed flavour for the mixing of massless fermion fields, that is torsion
forces semispinors to have a flavour-changing neutral current determ-
ining the mixing of the massless fermions; notice that torsionally in-
duced flavour-changing neutral currents are present precisely because
the semispinors are massless.
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It is tempting to speculate that such mechanism can be the explan-
ation of oscillations of neutrinos.
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