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ABSTRACT:  A new version of EPRÕs argument for the incompleteness
of the quantum mechanical description of certain physical systes  is pre-
sented. The space-time structure is explicitly assumed to be that of special
relativity theory, and the concept of locality is understood in the sense of
that theory. The argumentation uses the logic of quantum conditional propo-
sitions and some applications of inductive logic. Contrary to the opinions of
Ghirardi and Grassi and also of  Redhead and La Rivi�re, there is no need to
use the logic of counterfactual conditionals in order to reach EPRÕs conclu-
sion relativistically.

1 Introduction

The argument of A.Einstein, B.Podolsky, and N.Rosen1 (EPR, an acronym
that I shall use both for the names of the authors and for the argument itself)
concluded that the quantum mechanical description of certain physical sys-
tems is incomplete. It has three premisses:  (a) A sufficient condition for the
existence of an element of physical reality --ÒIf, without in any way disturb-
ing a system, we can predict with certainty (i.e., with probability equal to
unity) the value of a physical quantity, then there exists an element of physi-
cal reality corresponding to this physical quantity; Ó  (b) perfect correlation --
a pair of systems is prepared in a quantum state which ensures that there is
perfect correlation between the outcomes of measurements of observables R
and L and also between the outcomes of measurements of observables R′ and
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L′, where R and R′ are incompatible observables of system I (i.e., are repre-

sented by non-commuting operators), and L and L′ are incompatible observ-

ables of system II, the two systems being well separated when the measure-
ments are performed;  (c)locality -- ÒSince at the time of measurement the
two systems no longer interact, no real change can take place in the second
system in consequence of anything that may be done to the first system.Ó

EPR is a quite informal argument, abstaining from a precise definition of
Òif ... thenÓ and Òcan predictÓ in premiss (a) and from a specification of the
conditions in which the antecedent of (c) is satisfied. It is not clear, for exam-
ple, whether premiss (c), locality, is formulated in a relativistic or a non-
relativistic space-time. J.C.Ghirardi and R.Grassi2 and M.Redhead and P.La
Rivi�re3 all questioned the validity of a relativistic version of EPR unless
certain inferences in the logic of counterfactual conditionals are legitimate,
though the two pairs of collaborators disagreed with each other regarding the
assumptions underlying these steps. I contend that there is a relativistic ver-
sion of EPR which is valid without any recourse to counterfactual condition-
als.

Sect. 2 presents a self-contained relativistic formulation of EPR, making
explicit the meaning of crucial terms and the logic of the argumentation. This
formulation, which uses the logic of conditional propositions and inductive
logic but not the logic of counterfactuals,  is essentially a sympathetic ampli-
fication of the original informal argument of EPR.

Sect. 3 comments briefly on the logic of counterfactuals. It maintains that
counterfactual reasoning is not needed for a valid amplification of EPR, spe-
cifically not for a relativistic formulation. Relativistic locality does ensure the
truth of certain counterfactual propositions, but it is an open question whether
these suffice, without recourse to inductive logic, to derive the entirety of
EPRÕs conclusion concerning the existence of elements of physical reality.
Once one has derived EPRÕs elements of physical reality by another route,
however, it is possible to use them to enlarge the class of counterfactual
propositions to which truth values can be assigned.

2 A relativistic formulation of EPR

We shall consider an enormous ensemble ε of experimental arrangements,

in each of which a measurement of either observable R or observable R′
(physical incompatibility preventing the measurement of both) is made in a
space-time region R, and likewise a measurement is made of L or L′ (but not

both) in space-time region L. The letters designating observables and regions
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are tacitly assumed to bear indices corresponding to enumeration in the en-
semble, and the regions R and L (with the same tacit index) have space-like
separation. Each observable is bivalent, with the two values labeled + and -.
The statistics of outcomes in this ensemble is governed by  a single quantum
state Ψ, which is not endowed with an index and hence, according to one

group of quantum mechanicians, is ascribable to each individual member of
the ensemble, although there are others who ascribe it only to the ensemble as
a whole -- a dispute which will not be considered here. It is assumed that the
quantum state Ψ ensures perfect correlations between R and L -- specifically,

with certainty either both outcomes are + or both are - if R and L are meas-
ured -- and also ensures perfect correlations between R′ and L′  if these are

measured. (Note that EPR explicitly identify ÒcertaintyÓ and Òwith probabil-
ity unity,Ó disregarding the distinction commonly made by probability theo-
rists. EPRÕs usage will be followed in the present paper.)

 A comment on inferences from the quantum state is important. An infinite
number of conditional propositions can be based upon a single quantum state,
each of the form :

   If observable A is measured,  then the probability of outcome ai is pi. (1)

In terms of a normalized vector φ which represents the specified quantum

state and the projection Ei onto the eigenspace associated with the value ai of
observable A, the mathematical expression for pi is :

 pi = |<φ|Ei|φ>|2  . (2)

(In writing Eq. (2), I restrict attention to observables with discrete spectra,
thereby avoiding the examples chosen by EPR, position and momentum, but
allowing the spin observables considered by D.Bohm4;  and I also  restrict
attention to pure quantum states. The following argumentation is not vitiated
by these restrictions.)

Propositions of the form ÒIf x then yÓ, where x and y are themselves
propositions, are conditional. But there are various kinds of conditionals  --
material implication, strict implication, counterfactual conditional (to be
considered in Sect. 3), and the conditional that appears in Proposition (1),
which I shall call Òthe quantum conditionalÓ, since a standard name for it
seems not to have been adopted in the literature. The quantum conditional
may be usefully characterized by a comparison with material implication.
When ÒIf x then yÓ is construed as material implication, usually written as
Òx⊃ yÓ or Òx→yÓ, the conditional proposition has a definite truth value in all
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four rows of a truth table:  it is true when x and y are both true, or when x is
false and y is either true or false, and it is false when x is true and y is false.
When ÒIf x than yÓ is construed as a quantum conditional, as in Proposition
(1), where Òobservable A is measuredÓ is substituted for ÒxÓ and  Òthe prob-
ability of outcome ai is piÓ is substituted for ÒyÓ,  then the conditional propo-
sition is definitely asserted to have a truth value in two rows of the truth ta-
ble:  it is true if x and y are both true and false if x is true and y is false; but
when x is false there is no definite assignment of truth values to the condi-
tional proposition. There are different versions of the quantum conditional,
according to the interpretation of Òno definite asignment of truth values.Ó In a
strong version it is meaningless to assign truth values when the antecedent,
Òobservable A is measuredÓ is false; this version may be BohrÕs intention,
since he regards the meaningfulness of locutions about truth and reality  to be
relative to the experimental arrangement5. In another version, which seems to
be the minimal understanding of Proposition (1), there is no ascription of
meaninglessness but simply an abstention from assigning a truth value when
the antecedent is false, since there is no need for such assignments when
actual phenomena are analyzed quantum mechanically. It should be noted
that when the quantum state is given but the observable A mentioned in the
antecedent of Proposition (1) is not given, either because objectively its
choice is indeterminate or because it is unknown, then an infinite family of
propositions of the form of (1), referring to different observables, can all be
used contingently,  with the contingent probabilities evaluated by Eq. (2).
The availability of these contingent propositions shows how much informa-
tion is contained in the quantum state. It should also be noted that there are
interpretations of quantum mechanics according to which, at least in certain
circumstances, Proposition (1) can be assigned a definite truth value when the
antecedent is false, and accordingly the conditional in (1) is to be understood
as a counterfactual conditional, rather than as a quantum conditional in either
of the senses distinguished above. Such interpretations, however, will be
disregarded in this paper until after the relativistic version of EPR is com-
pleted in Sect. 2. Once one reaches EPRÕs conclusion is that the quantum
mechanical description of physical systems is in certain situations incom-
plete,  new light is thrown upon the quantum conditional, which will dis-
cussed in Sect. 3. But in the process of presenting the relativistic EPR argu-
ment in Sect. 2 quantum mechanical implications will be drawn austerely,  a
definite truth value being assigned to Proposition (1) only when its antece-
dent is true.

Now the original argument of EPR will be amplified as follows. It is  as-
sumed that  free  choice between measuring  R or R′ is exercised by a deci-
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sion made in region R and free  choice between mesuring L or L′  is inde-

pendently exercised by a decision in region L, with  non-negligible prob-
abilities of all four choices;  the difficult philosophical problem of under-
standing freedom is left in limbo. The ensemble ε is thus partitioned into four

non-empty, mutually exclusive, and exhaustive subensembles,

                         ε  =   ε(RL) ∪  ε(RL′) ∪  ε(R′L) ∪  ε(R′L′),           (3)

where the letters inside the parentheses denote which observables are meas-
ured. Since the ensemble ε is enormous and the probability of membership in

each subensemble is non-negligible, each of the four subensembles is also
enormous.

Attention is now focused upon the subensemble ε(RL). The quantum state

Ψ was characterized as predicting perfect correlation between the outcomes

of mesuring R and L : either both outcomes are + or both are -. Perfect cor-
relation can be expressed in terms of the product observable RL, which has
outcome +1 if measurements of both R and L have the same outcome and -1
if the outcomes of R and L are different:  making  the appropriate substitu-
tions into Proposition (1) yields :

ÒIf observable RL is measured,
the probability of outcome +1 is 1Ó.             (1Õ)

If the system under consideration belongs to ε(RL),  then Proposition (1Õ)

is true in view of the characterization of the state Ψ and the interpretation of

Òif...thenÓ as the quantum conditional. Hence, if the outcome of the meas-
urement of R is +, an observer in R can infer with certainty (i.e., probability
unity) that the outcome of the measurement of L is also +, and correspond-
ingly if the outcome of the measurement of R is -. Note that the word ÒinferÓ
is used in place of EPRÕs word Òpredict,Ó because R and L have space-like
separation, and therefore the outcome of the measurement of L cannot be
invariantly later than the outcome of the measurement of R. Checking the
correctness of the prediction, of course, requires the registration of the meas-
urement of L and propagation of the registered information to a region in the
overlap of the forward light-cones of R and L;  but if the registration and
propagation processes are accurate, then the information thus obtained can be
safely ascribed to the outcome of measuring L in region L.
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Contact can now be established with EPRÕs original argumentation. Be-
cause of the space-like separation of R and L the locality condition -- labeled
(c) in Sect. 1 -- is satisfied: no change can take place in L as a consequence
of anything done in R. (Relativistic space-time structure is evidently superior
to non-relativistic for legitimating this step.) Because of the perfect correla-
tion between the outcomes of measuring R and L, one can infer with certainty
the outcome of the latter, and because of locality this is done without in any
way disturbing L.The antecedent of EPRÕs condition for the existence of an
element of physical reality, labeled (a) in Sect. 1, is (after the replacement of
ÒpredictÓ by ÒinferÓ) satisfied regarding the observable L in region L.

Consequently, the existence of an element of physical reality correspond-
ing to L is demonstrated for a system in ε(RL). It must be recognized, of

course, that from the standpoint of an observer in R, this conclusion is con-
tingent, because that observer cannot know whether the observable L was
measured and hence does not know whether the system under consideration
belong to the subensemble ε(LR). But since the system under consideration

does as a matter of fact belong to ε(RL), the contingent inference is objec-

tively valid, and furthermore its validity can be checked by an observer lo-
cated far enough forward along the world-line of the observer in R to receive
information about L. Obviously, the foregoing reasoning can be repeated
after switching R and L to conclude that there is an element of physical real-
ity in R corresponding to the observable R. It is reasonable to amplify EPRÕs
conclusion slightly by saying that the elements of physical reality demon-
strated in R and L are located within these regions in the backward light-
cones of the decisions to measure R and L respectively, since relativity theory
does not otherwise allow them to be causally efficacious in the measurement
processes.

The foregoing argument is based upon the assumption that the system of
interest belongs to the subensemble ε(RL). However, the decisions to meas-

ure R rather than R′ and L rather than L′ are by assumption made freely, and

therefore membership in the subensemble ε(RL) is the result of two inde-

pendent free choices, one made in R and the other in L. The elements of
physical reality which determine the outcomes of the measurement of R and
the measurement of L must be present in every member of the entire ensem-
ble ε, since any member of the entire ensemble could be selected to be in

ε(RL), and it would be an unbelievable coincidence if all selected to belong

to the very large subensemble ε(RL) were endowed with the elements of

physical reality that guaranteed perfect correlations between the outcomes of
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measuring R and L while a non-negligible fraction of the entire ensemble ε
lacked this property. Accepting such a coincidence in preference to attribut-
ing the property to all members of ε is contrary both to informal inductive

logic and to  probabilistic refinements of inductive logic. This conclusion
cannot be eluded by hypothesizing that it is the choice of R that endows the
part of the system in R with an element of physical reality determining the
outcome of measuring R, and likewise that the choice of L endows the part of
the system in L with the element of physical reality determining the outcome
of measuring L -- because such a hypothesis could not account for the agree-
ment with certainty of the two outcomes. Hence, the elements of physical
reality sufficient to determine the outcomes of measurements of R and L, if
these observables were indeed measured, are present in every member of the
ensemble ε.  To my knowledge, the first to use inductive logic explicitly in a

discussion of EPR was B. dÕEspagnat6.
The foregoing reasoning can be paralleled, substituting R′  for R and  L′

for L. The first stage is the demonstration that every system in the subensem-
ble ε(R′ L′ ) is endowed with elements of physical reality determining con-

cordant outcomes of the measurements of  R′   and L′. The second stage is to

extend this conclusion by induction to the whole of the ensemble ε. Combin-

ing the conclusion regarding the observables R and L with that concerning R′
and L′ yields the result that for each member of the ensemble ε both observ-

ables R and R′  in region R and both observables L and L′  in region L are

assigned definite values, even though only one of each pair is measured. This
result shows that the quantum mechanical description, according to which the
two members of each pair are incompatible, is incomplete.

To summarize, EPRÕs conclusion that the quantum mechanical description
of  some physical systems is incomplete has been reached by an amplification
of their original argument. The assumptions made here were slight variants of
the three assumptions of EPR, labeled (a), (b), and (c) in Sect. 1,  and the
reasoning was a combination of the logic of quantum conditionals and a stan-
dard procedure of inductive logic.

3 Counterfactual Conditionals

A proposition of the form ÒIf x then yÓ is a counterfactual conditional if
the proposition denoted by ÒxÓ is false, and nevertheless the proposition is
assigned a definite truth value.
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In ordinary prose, the conditional is usually written with a subjunctive, ÒIf
x were true, then y.Ó Sometimes the subjunctive is used without the protocol
that the antecedent is false, even though the most interesting case is that in
which x is false.

Whatever convention is adopted on the matter of restricting attention to a
false antecedent, it is clearly understood in the literature that there is not a
truth-table for the counterfactual conditional. In the locution of logical the-
ory, the counterfactual conditional is not  truth-functional. The truth value of
ÒIf x were true, then yÓ  depends upon the content of the propositions desig-
nated by ÒxÓ and ÒyÓ and upon contextual information. It is generally recog-
nized that the problem of formulating criteria for assigning truth values to
counterfactual conditionals is subtle and difficult. The closest to a standard
work on these criteria is the book of D. Lewis7, but that is not canonical. In
the context of quantum mechanics and special relativity theory  a contribution
to the logic of counterfactuals, to be summarized below, has been made by H.
Stapp8 and by A.Shimony and H.Stein9.

At this point, what I wish to emphasize is that the demonstration of EPRÕs
conclusions in Sect. 2 never made use of counterfactual conditionals. In
proving for a member of ε(RL) that there is an element of physical reality in

region L determining the outcome of the measurement of observable L, use
was made of a quantum conditional proposition in a situation where the ante-
cedent is true. The extension to other members of the ensemble in which L′ is
measured, and therefore the antecedent is not true, was achieved by an in-
ductive extrapolation from ε(RL) to the whole of ε, not by an illegitimate

assignment of a truth value to the quantum conditional proposition nor by a
switch to counterfactual logic.

Both Ghirardi/Grassi2 and Redhead/La Rivi�re3 maintained that without
counterfactual reasoning there is no way to reach the conclusion that an ele-
ment of physical reality exists in L which determines what would be the
outcome of measuring observable L if actually L′ were measured. This thesis

is plausible, but it turns out not to be true, as shown by the argumentation of
Sect. 2. An advantage of dispensing with counterfactuals in reaching EPRÕs
conclusions is the avoidance of the controversy between these two groups of
authors on the exact criteria for assigning truth values to counterfactual con-
ditionals.

It is nevertheless interesting to inquire whether the logic of counterfactuals
could provide a procedure essentially different from that of Sect. 2 to EPRÕs
conclusion. I am not sure of the answer to this question. I can see part of a
procedure which substitutes the logic of counterfactual conditionals for in-
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ductive logic, but I do not see how to complete the argument. One first con-
siders the subensemble ε(RL) and argues exactly as in Sect. 2 that there is an

element of physical reality in L determining the outcome of the measurement
of L, which is indeed measured. Likewise there is an element of physical
reality in R determining the outcome of the measurement of R, which is in-
deed measured. One can then reach the same conclusion concerning the
subensemble ε(RL′) by applying the following sufficient condition for the

truth of a counterfactual conditional that is implicit in Ref. 8 and explicit in
Ref. 9:

If x asserts a matter of fact about a space-time region x, then Ôif x
were true then yÕ is true in a possible world W if and only if y is true
in every possible world W′ in which x is true and which does not dif-

fer from W outside the extended future light-cone of x.  
(Condition)

 (By Òextended future light-cone of  xÓ is meant the union of  x  itself with
the future light-cone of x). The Condition is  reasonably a consequence of
relativistic locality. The Condition can now be applied by substituting
Òobservable L is measuredÓ for ÒxÓ and Òthe outcome of measuring L has a
value agreeing with the outcome of the measurement of R in RÓ  for ÒyÓ.
Suppose W is a possible world in which the system of interest belongs to the
subsensemble ε(RL′). Then, in view of the substitutions just made, x is false

in W, but y is true in every possible world W′ in which x is true and which

agrees with W outside the extended future light-cone of x; the reason is that
R and L are both measured in such a W′, thus making the system of interest

belong to the subensemble ε(RL) in possible world W′. Accordingly, by the

Condition,  the counterfactual proposition Òif x were true then yÓ is true.
Thus there is valid  reasoning to the conclusion that there is an element of
physical reality in L determining what the outcome of a measurement of L
would have been if L had been measured, proceeds just as when the system
belongs to ε(RL).

If the system belongs to ε(R′L) one can parallel the foregoing reasoning to

infer that an element of physical reality exists in R which would determine
the outcome of the measurement of R had it been measured. In order to en-
sure agreement with the outcome of the measurement of L there must also be
an element of reality in L which determined the outcome of the measurement
of L prior to the decision to make that measurement.
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Continuing in this way we have the following results:  there are elements
of physical reality determining the outcomes of actual or possible measure-
ments of both R and L and both R′ and L′ when the system is in either of the

subensembles ε(RL′) or ε(R′L);  there are elements of physical reality deter-

mining the outcomes of measuring R and L  when the system is in ε(RL), but

it has not been established that there are elements of physical reality deter-
mining what the outcomes of R′  and L′  would have been in this case;  and

there are elements of physical reality determining the outcomes of measure-
ments of R′  and L′  when the system is in ε(R′L′), but it has not been estab-

lished that there are elements of physical reality determining what the out-
comes of measurements of R and L would have been in this case.

There are thus two gaps in the procedure aiming at establishing, by use of
counterfactual reasoning and dispensing with inductive reasoning, that there
are elements of physical reality that would determine the outcomes of meas-
urements of all four of R, R′, L, and L′ in the entire ensemble ε. Can this gap

be filled? I am not sure. Perhaps a reasonable broadening of the foregoing
Condition for the assignment of truth values to counterfactual propositons
could be proposed which would suffice to fill this gap. LewisÕs discussion in
Ref. 7 may be helpful for this purpose. I shall leave this question open, since
my primary purpose -- to establish EPRÕs conclusion without invoking
counterfactual logic -- has been fulfilled.

It is clear that once EPRÕs conclusion has been reached by the procedure
of Sect. 2, counterfactual reasoning concerning all four observables R, R′, L,

and L′ is legitimated for all systems in the ensemble ε. In general, the exis-

tence of elements of physical reality supplementing the quantum mechanical
description of physical systems greatly extends the range of legitimacy of
counterfactual reasoning. For example, Shimony and Stein, in Ref. 9, have
argued that Stapp, in Ref. 8, needed to assume the existence of non-quantum
mechanical elements of physical reality as a justification for a crucial coun-
terfactual inference, even though this assumption is contrary to his program.

A final remark is a correction of a remark about EPRÕs argument that I
made in an earlier publication10 concerning the phrase Òcan predictÓ in EPRÕs
sufficient condition for the existence of an element of physical reality:

Ôcan predictÕ may be used in the strong sense of having data at hand
sufficient for the prediction, or in the weak sense of being able to
make a measurement that would provide data sufficient for the pre-
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diction. The EPR argument goes through only if Ôcan predictÕ is used
in the weak sense.

The last sentence is incorrect. The first stage of the argument presented in
Sect. 2 concerned only systems in ε(RL), in which R is measured, thereby

actually providing data sufficient to infer with certainty the outcome of the
measurement of L. (As noted previously, it is appropriate to substitute ÒinferÓ
for Òpredict.Ó). The second stage of the argument in Sect. 2, which extends
the result of the first stage to the whole of the ensemble ε, is accomplished by

induction, not by broadening EPRÕs sufficient condition through a weakening
of Òcan predict (infer).Ó To be sure, the program of trying to reach EPRÕs
conclusion by substituting counterfactual reasoning for inductive reasoning
uses the weak sense of Òcan predict ( infer),Ó but as noted above, there is at
present a gap in the achievement of this program.
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